The foot progression angle (FPA) is an important clinical measurement but currently can only be computed while walking in a laboratory with a marker-based motion capture system. This paper proposes a novel FPA estimation algorithm based on a single integrated sensor unit, consisting of an accelerometer, gyroscope, and magnetometer, worn on the foot. Methods: The algorithm introduces a real-time heading vector with a complementary filter and utilizes a gradient descent method and zero-velocity update correction. Validation testing was performed by comparing FPA estimation from the wearable sensor with the standard FPAs computed from a marker-based motion capture system. Subjects performed nine walking trials of 2.5 min each on a treadmill. During each trial, subjects walked at one speed out of three options (1.0, 1.2, and 1.4 m/s) and walked with one gait pattern out of three options (normal, toe-in, and toe-out). Results: The algorithm estimated FPA to within 0.2
applications include monitoring gait in patients with distal tibial physeal fractures [4] or clubfoot [5] . In addition, changes in the FPA have been correlated with changes in foot eversion moment [6] , knee adduction moment [7] , [8] , hip joint moment [9] , foot pressure distribution [10] , and foot medial loading [11] .
Foot-worn sensing has been used to estimate a variety of gait parameters. Pappas et al. [12] introduced a gait phase detection system to detect stance, heel-off, swing, and heel-strike with a gyroscope and three force sensitive resistors. Sabatini et al. [13] developed an inertial measurement system (IMU) for estimating spatiotemporal gait parameters including stride time, stride length, walking speed, incline and relative stance. Rebula et al. [14] used IMUs to estimate stride length, width, period, and variability. Rouhani et al. [15] used a foot-worn IMU to estimate relative foot and ankle kinematics including dorsiflexion/plantar-flexion, inversion/eversion, and internal/external rotation. Mariani et al. [16] assessed gait and turning for patients with Parkinson's desease via shoe-worn sensors. Tien et al. [17] used IMUs to detect foot kinematics to facilitate diagnosing neurological disorders. Finally, Schepers et al. [18] and Rouhani et al. [19] assessed ankle and foot kinetics including 3-D force, moment and power of joint with inertial sensors and force transducers. Previous research has shown that wearable sensors can be used to track walking trajectories over time. Meng et al. [20] used inertial and magnetic sensors worn on the foot to estimate pedestrian walking trajectories by introducing a velocity control variable to bound velocity drift and stride-based position pseudomeasurements to feed an adaptive Kalman filter for position estimation. Yun et al. [21] used an adaptive-gain complementary filter to estimate position by integrating acceleration data whose drift was corrected through zero-velocity updates, and Kwanmuang et al. [22] combined IMU and magnetometer measurements and used heuristic methods to estimate walking trajectories.
Several algorithms have been proposed to estimate gait parameters with foot-worn sensing. Sabatini et al. [23] proposed a quaternion-based extended Kalman filter to estimate orientation. Madgwick et al. [24] introduced the gradient descent algorithm to compensate for gyroscope integration error by using accelerometer and magnetometer signals and quaternion derivatives. Skog et al. [25] derived a general foot stance phase detector for zero-velocity update to address drift problems for foot-mounted inertial navigation. Finally, Mariani et al. [26] computed heel-strike and toe-off gait events from kinematic features estimated from foot-worn inertial sensors.
While wearable sensors and algorithms have enabled the estimation of a variety gait characteristics [27] , a critical missing parameter is the FPA. One challenge is that the FPA is not a measurement relative to other body segment kinematics but rather relative to the subject's walking direction. To solve this problem, we explore using real-time estimation of a heading vector based on trajectory estimation as a kinematic reference.
The purpose of this paper is to present a novel algorithm for estimating the FPA by using a single magneto-IMU (three-axis accelerometer, three-axis gyroscope, three-axis magnetometer) worn on the foot and combining computed heading vectors and foot vectors. We anticipated such an approach would not be prone to drift and would be accurate to within a few degrees. For validation, we compared sensor estimation results with measurements from an optical motion capture system.
II. FPA ESTIMATION
The FPA is defined by the angle between the foot vector and the heading vector (line of walking progression) [28] . The FPA algorithm is composed of six components (see Fig. 1 ). Orientation is estimated via the gradient descent algorithm [24] , trajectory is estimated via strapdown integration [29] , and stance phase identification is used with zero-velocity detection [25] to correct velocity estimation drifts. The heading vector and foot vector are computed based on results of trajectory and orientation estimation, respectively, and the FPA is the difference between these vectors in the horizontal plane.
A. Orientation and Trajectory Estimation
We estimate sensor orientation with respect to the earth frame S E q by integrating angular velocity from the gyroscope, and then, applying gradient descent correction with accelerometer and magnetometer data to get drift-reduced orientation estimation [see Fig. 2(A) ].
The process begins by calculating the quaternion derivative
where S E q est,t−1 is the previous time step orientation estimation, S ω t = [0 ω x ω y ω z ] comes from the gyroscope, Δt is the sampling period, and ⊗ is the quaternion multiplication operator [30] . We use the following notation throughout this paper: the left superscript is the frame in which the vector is described, for example, S ω t describes the gyro's reading in sensor frame. A leading superscript denotes the frame being described in and a leading subscript denotes the frame this is with reference to, for example, S Eq ω ,t describes the orientation change rate of sensor frame relative to earth frame. The right subscript i indicates stride number and the right subscript t indicates time step.
To improve orientation estimation with the information from the accelerometer and magnetometer, we implement a gradient descent method similar to that presented in [24] . Gravity sensed via the accelerometer provides correction for gyroscope drift caused by the tilt angle and magnetic north sensed via the magnetometer provides correction for gyroscope drift about the superior-inferior axis.
Then, (2) adjusts the rate of change of orientation estimate from the gyroscope ( S Eq ω ,t ) by removing the magnitude of the gyroscope measurement error (β) in the gradient direction based on accelerometer and magnetometer information [24] .
The gyroscope measurement error is an adjustable parameter defined as
whereω max represents the maximum gyroscope measurement error of each axis andq is any unit quaternion. The estimated orientation S E q est,t is calculated by numerically integrating the estimated rate of change of orientation
From (2), the expression f represents the orientation correction from accelerometer and magnetometer data. The generic formulation for finding orientation from the sensor to earth frame ( S Eq = [q 1 q 2 q 3 q 4 ]), is to predefine a reference direction of the earth frame (
) and measure sensor data in the sensor frame ( Sŝ = [0 s x s y s z ]). Then, solve (5) using the objective function f from (6) .
By applying a gradient descent method, we define
where J is the Jacobian of function f . Eb represents a normalized magnetic vector and Sm is the magnetometer data in the sensor frame.
The objective function of the combined systems becomes (8) and the combined Jacobian is (9) . Subscript g indicates that the given function is based on accelerometer data while subscript b indicates magnetometer data.
Thus, we find
Now, by applying (4), (2), (1), (3), and (10), we determine the corrected orientation S E q est,t [see Fig. 2(A) ]. Once the corrected sensor orientation is computed, we use this orientation to transform the acceleration data into a body acceleration in the earth frame. Then, we double integrate it to estimate the trajectory of the foot ( E p i ). During this process, a zero-velocity update correction (ZUPT) [25] based on stance phase identification is deployed to reduce drift from velocity integration [see Fig. 2(B) ].
B. Stance Phase Identification
During the stance phase of gait the foot is relatively stationary with respect to the ground, assuming no foot slip occurs. We use zero-velocity estimation [25] based on acceleration and gyroscope information to help estimate the stance period and implement a state-machine-based approach similar to Yun et al. [21] for improved identification accuracy. In addition, we use the heel strike events detected and approximate the stance phase duration as 60% of the stride time.
C. Foot Vector Estimation
The foot vector ( S f ) is estimated as the common vector fixed in an IMU-sensor frame (S) [see Fig. 2(C) ], similar to the method performed by Favre et al. [31] . Each subject performs dorsiflexion and plantarflexion motion of the ankle slowly three times, in order to find a common rotation axis ( S k). The gravity axis ( S g) can be approximated from the accelerometer data when the foot is flat on the ground. Using the right-hand rule, we compute the foot vector as
Then, the sensor orientation S E q t previously found is applied to form the foot vector in an estimated earth frame ( E f t ).
D. Heading Vector Estimation
The heading vector estimates the direction of forward movement [see Fig. 2(D) ]. At each ith heel strike, a foot trajectory ( E p i ) is calculated. Then, a temporary heading vector ( E r i ) is estimated by subtracting the foot trajectory from the previous heel strike.
Then, the heading vector is computed as
where E h i is the heading vector at the ith stride and α is a complementary filter parameter.
E. FPA
The FPA is computed as the average angle between the foot vector and heading vector during stance [see Fig. 2(D) ]. The foot vector is computed at each time step t, while the heading vector is estimated at each stride i after heel strike. At each time step t, an angle is defined between the foot vector and the heading vector projected onto horizontal plane parallel with the ground
And the FPA for each step is the average of this angle during stance
where FPA i is a FPA evaluated for each step, θ i,t is a FPA for time step t, t hs,i is the start of the stance period, t to,i is the end of the stance period, and the subscript i represents the ith stride.
In addition, to avoid transient FPA estimates near heel strike and toe-off events, values were averaged from 20% to 80% of stance during which FPA is relatively constant [32] .
III. EXPERIMENTAL VALIDATION
To quantify the accuracy of the algorithm, we performed subject testing with a wearable sensor to compute the FPA and compared this with the FPA measurement from an optical motion capture system. Thirteen subjects (10 male/3 female, 30.4 ± 12.0 years, 1.74 ± 0.07 m, 66.2 ± 10.0 kg) participated in this study that was performed in accordance with the Declaration of Helsinki. Each subject wore a custom-designed module consisting of a microcontroller (atmega328, Atmel, CA, USA), three-axis accelerometer and three-axis gyroscope (MPU6050, Invensense, CA, USA), three-axis magnetometer (HMC5883L, Honeywell, MN, USA), and a 400-mAh Li-Po rechargeable battery. The dimensions of this integrated wearable sensing module are 37.0 mm × 31.0 mm × 17.5 mm (see Fig. 3 ). A 3-cm wide velcro strap was used to attach the sensor system to the top of the foot and was wrapped around the narrowest part of the foot to minimize the relative motion between the sensor and the subject's foot. A piece of 5-mm-thick soft neoprene was placed between the sensor and foot to minimize high frequency errors from sensor jolting [13] .
Raw sensor data from the wearable system were sampled at 100 Hz and streamed to a computer via a Bluetooth module (RN41, Roving Networks, AZ, USA). Motion capture data were also collected at 100 Hz via an eight-camera motion capture system (Vicon, Oxford Metrics Group, Oxford, U.K.) as subjects walked on a treadmill (Bertec, OH, USA). Each system timestamped data locally based on their respective on-board timers. Because it was not feasible to start data collection on both systems at exactly the same instant, a short pulse was recorded on the wearable system and simultaneously sent from the wearable system to the motion capture system via a cable (negligible transmission delay) at the start of each trial prior to walking so that data collected from the two systems could be synced and analyzed during postprocessing.
At the beginning of the experiment, subjects performed a static calibration trial, standing still with both feet together, pointing forward for 10 s to find the gravity axis. Then, subjects lifted their foot and slowly dorsiflexed and plantartflexed three times to find the estimated common rotation axis. Also, during the static trial the earth frame relative to the sensor frame is determined such that −Ê z is defined by the gravity vector, E x is defined to be perpendicular to the gravity vector in the direction of the magnetic north pole, andÊ y is perpendicular tô E z andÊ x according to the right-hand rule (see Fig. 4 ). After calibration, subjects performed nine walking trials of 2.5 min each on the treadmill. Each trial was a combination of three different walking speeds (1.0, 1.2, and 1.4 m/s) and three different FPA gait patterns (normal, toe-in, and toe-out). Each subject performed nine total walking trials. Subjects self-selected the amount of change in FPA for toe-in and toe-out gaits [33] , [34] .
Reflective markers were placed on the calcaneus and the head of the second metatarsal. The FPA was computed in the laboratory horizontal plane as the angle between the line connecting the calcaneus and head of the second metatarsal and the line of forward progress as has been done previously [8] . FPAs in which the second metatarsal head was lateral of the calcaneus Fig. 4 . Experimental setup. Subjects performed walking trials on a treadmill while wearing a foot-mounted magneto-inertial sensor and motion capture reflective markers. S denotes the sensor reference frame and E denotes the earth reference frame.
were considered positive. Marker data from the motion capture system were low-pass filtered at 15 Hz using a second-order Butterworth filter. The accuracy of the presented FPA algorithm was evaluated based on the average errors and RMS errors with respect to the FPA computed from the motion capture system. RMS error is computed for each trial during time points of the stance phase between the magneto-IMU algorithm output and the motion capture output, and the average RMS errors are the averaged RMS errors for all trials at each given condition. Throughout the analysis, an α value of 0.35 was used in the heading vector estimation, determined based on pilot testing.
One-way ANOVA was used to determine if there was any difference in errors of FPA estimation based on foot orientation and one-way ANOVA was also performed to determine differences based on walking speed. In the case when there was a difference, Tukey's procedure was used for post hoc analysis. Paired Student's t-tests were used for comparing FPAs for each individual walking condition and bonferroni correction was used to account for multiple comparisons. Statistical significance was set to p = 0.05.
IV. RESULTS
In general, average FPA estimations from magneto-IMU closely followed motion capture estimations under all walking • , respectively (see Fig. 8 ). There were no significant differences in FPA estimation accuracy based on foot orientation (p = 0.10) or walking speed (p = 0.75). Average RMS errors for normal gait, toe-in gait, and toe-out gait were 1.84 ± 1.45
• , 2.13 ± 1.70
• , and 2.50 ± 1.45
• and average RMS errors for walking speeds of 1.0 m/s, 1.2 m/s, and 1.4 m/s were 1.92 ± 1.35
• , 2.05 ± 1.51
• , and 2.50 ± 1.73
The aim of this study was to develop a novel FPA algorithm based on foot-worn magnetometer and inertial sensing. The proposed algorithm utilizes the gradient descent method, ZUPT and real-time foot vector and heading vector estimation. Experimental testing demonstrated the algorithm accurately estimated FPA as compared to a standard motion capture system for a variety of walking conditions.
Our findings align with previous research efforts using wearable sensors for estimating gait-related kinematics. Yun et al. [21] used magneto-inertial system and zero-velocity updates technology to estimate position and reported accuracy of 1%. Roetenberg et al. [35] presented a magnetic system (three orthogonal coils and the source) combined with inertial sensors [15] used a foot-worn IMU to estimate relative foot and ankle kinematics including dorsiflexion/plantarflexion, inversion/eversion, and internal/external rotation with RMS errors of about 1
• . Favre et al. [31] proposed the combination of a functional calibration method and an inertial ambulatory system for knee angle estimation and achieved mean errors of between 1
• and 12
• . Furthermore, Favre et al. [36] estimated absolute knee flexion/extension, abduction/adduction, and relative knee internal/external rotation angles with mean offset errors of −1 ± 1
• , Fig. 8 . Average FPA errors based on walking speed. There were no significant differences based on walking speed.
0 ± 0.6 • , and 3.4 ± 2.7
• and mean RMS errors of 1.5 ± 0.4 • , 1.7 ± 0.5
• , and 1.6 ± 0.5
• . Takeda et al. [37] used wearable acceleration and gyro sensors to calculate hip flexion/extension and adduction/abduction and knee flexion/extension with RMS errors of 8.7
• , 5.0 • , and 6.8
• respectively. Finally, Bamberg et al. [38] developed a sophisticated wireless wearable system with an IMU, force sensors and an electric field height sensor, and estimated foot pitch mean RMS error of 5.2 ± 2.0
• . FPA estimation in this study was more accurate than several gait kinematic estimates in previous work. This is likely due at least in part to static assumption of zero-velocity movement of the foot during stance, which is not valid assumption for other body segments during gait.
Kinematic estimation algorithms based solely on accelerometer and gyroscope data are typically prone to drift due to the need to integrate angular velocity data from the gyroscope and double integrate acceleration data from the accelerometer. If the direction and magnitude of drift can be accurately estimated, a predictive model can be used to reduce errors [14] . However, in our case, the direction and magnitude of the resulting drift were difficult to approximate as even small errors in the drift model could create significant FPA errors over time. Thus, instead of a predictive modeling approach, we used magnetometer data not prone to drift to improve overall accuracy and bound estimation errors over time.
In the presented algorithm, the α value acts as a filter for the heading vector giving more or less weight to the current step's heading vector estimation. It suppresses the noise contained in the FPA calculation. There is a tradeoff in selecting the α value. If there was no filter, the FPA estimator would respond very quickly, particularly after turning or changing heading direction, but during straight-line walking it would be less accurate. If the filter value is too high, then the heading vector estimation would be more accurate during straight line walking, but would update very slowly after change in heading directions causing invalid FPA estimates for a significant period. Because FPA is only valid clinically during straight line walking, in our validation experiment, we selected a fixed α value for all subjects based on pilot testing to give a stable FPA estimate for straight line walking. Future work could devise more sophisticated methods for selecting an appropriate α value such as a real-time adapting α value that is subject specific or an α value based on the walking mode (e.g., straight-line walking or turning), which could potentially improve heading vector estimation. Additionally, heading vector estimation could potentially be improved by using absolute positions through GPS for outdoor settings and localized sensor networks of ultrawideband transmitters/receivers [39] , [40] or visual sensing with SLAM [41] for indoor settings.
One limitation of this study is that we only tested healthy subjects with normal gait patterns. The accuracy of the algorithm may decrease for movement disorders with abnormal gaits such as foot drop in individuals with cerebral palsy or foot dragging in some individuals following a stroke. Additionally, because the presented algorithm relies on magnetometer input, it is important to perform proper calibration to get an accurate magnetic north estimate [42] . However, even with proper calibration, the magnetometer could still be susceptible to errors from relatively large unaccounted electromagnetic fields. The foot axis in our algorithm is perpendicular to both the ankle axis of rotation and the vertical axis. In general, this is not the same as a line from the calcareous to the head of the second metatarsal as is assumed to be the foot axis in the motion capture system. When comparing FPA measurements from our algorithm using the magneto-IMU system and the motion capture system, we subtracted this offset. In gait retraining, often the most important factor is the change in FPA not the absolute value of FPA, however there may be other applications where the absolute FPA value is critical and in this case further analysis should be performed systematically quantify this offset. In addition, at higher speeds, orientation estimation accuracy of the gradient descent algorithm may deteriorate [24] and the ratio between stance and swing phases will changes, thus caution should be taken when using the algorithm for high-speed walking or running.
In the current implementation, all data processing was done via MATLAB on the computer, and we simulated the real-time application scenario by only using data from current and previous time steps. We also performed preliminary testing of this algorithm on a completely portable, wearable system with a STM32F401 MCU (84 MHz) processor, and found that the latency time is 1.7 ms, thus the algorithm could run at a maximum update rate of approximately 588 Hz. A comprehensive study under different conditions such as fast walking, running, and ambulating inclined terrain could provide further insights into the algorithm's performance for varying conditions.
VI. CONCLUSION
In conclusion, we have presented a novel FPA estimation algorithm based on zero-velocity estimation, a complimentary filter, and the introduction of real-time heading vector estimation. Validation experimental results demonstrated that the algorithm accurately estimated FPAs as compared to standard motion capture estimation for subjects walking in multiple foot orientations and walking speeds. These results could serve as a foundation for future gait research based on wearable systems to assess or train walking patterns outside a laboratory setting in natural walking environments.
